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Abstract.— Analogously as in classical algebraic geometry, linear pencils of tropical plane curves are pa-
rameterized by tropical lines in a coefficient space. A special example of such a linear pencil is the set of tropical
plane curves with an n-element support set through a general configuration of n points in the tropical plane. In
[RGST], it is proved that these linear pencils are compatible with their support set. In this article, we give a
characterization of points lying in the fixed locus of a tropical linear pencil and show that each compatible linear
pencil comes from a general configuration.
MSC 2010.— 14T05, 52B20, 14H50, 14C20
1 Introduction
Let K = C{{t}} be the field of Puisseux series (or any other algebraically closed field with a
non-trivial valuation), and let A = {a1, . . . , an} be a subset of {(r, s, t) ∈ (Z≥0)3 : r+s+t = d}
for some integer d, with ai = (ri, si, ti). We always assume that the convex hull conv(A) is
two-dimensional, hence n ≥ 3. A polynomial f of the form∑
i∈{1,...,n}
kiX
riY siZti ∈ K[X, Y, Z]
defines a projective plane curve V (f) of degree d in P2(K). The tropical polynomial corre-
sponding to f is the piece-wise linear map
Fc : R3 → R : (x, y, z) 7→ min
i∈{1,...,n}
{ci + rix+ siy + tiz}
with c = (c1, . . . , cn) = (val(k1), . . . , val(kn)) ∈ Rn, which is obtained by replacing all the
operations in f by the tropical operations ⊕ and ⊗ (where x⊕y := min{x, y} and x⊗y := x+y
for all x, y ∈ R) and all the coefficients by its valuations. Let T (Fc) be the set of all points
(x, y, z) ∈ R3 for which the minimum Fc(x, y, z) is attained at least twice. A theorem due to
Kapranov tells us that T (Fc) is equal to closure in R3 of
{(val(X), val(Y ), val(Z)) | (X, Y, Z) ∈ V (f) ∩ (K×)3}.
Since T (Fc) is closed under tropical scalar multiplication, i.e.
λ⊗ (x, y, z) = (λ+ x, λ+ y, λ+ z) ∈ T (Fc) ⇐⇒ (x, y, z) ∈ T (Fc),
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we can identify T (Fc) with its image in the tropical projective plane TP2 = R3/R(1, 1, 1) and
we say that T (Fc) is a tropical projective plane curve with support set A. Consider the convex
hull of the points (ri, si, ti, ci) ∈ R4 with i ∈ {1, . . . , n}. Under the projection to the first three
coordinates, the lower faces of this polytope map onto the convex hull conv(A) of A and give
rise to the regular subdivision ∆(c) of conv(A). Note that two elements ai, aj ∈ A are connected
by a line segment in ∆(c) if and only if there exists a point (x, y, z) ∈ TP2 such that
ci + rix+ siy + tiz = cj + rjx+ sjy + tjz < ck + rkx+ sky + tkz
for all k ∈ {1, . . . , n} \ {i, j}, and that the triangle T = conv{ai, aj, ak} is a face of ∆(c) if and
only if there exists a point (x, y, z) ∈ TP2 such that
ci + rix+ siy + tiz = cj + rjx+ sjy + tjz = ck + rkx+ sky + tkz < c` + r`x+ s`y + t`z
for all ` ∈ {1, . . . , n} \ {i, j, k}. So we can see that the curve T (Fc) ⊂ TP2 is an embedded
graph which is dual to ∆(c).
Tropical plane curves going through some fixed points have been studied intensively, mainly
because of its applications in enumerative algebraic geometry (see for example [Mikh, GaMa]).
The space of tropical plane quadrics through two or three points is examined in [BrSt]. In this
article, we focuss on tropical plane curves with support set A passing through n− 2 points in
general position. In classical algebraic geometry (and in particularly over the field K), the set
of such curves is a linear pencil parameterized by a line in the coefficient space. The notion of a
linear pencil also makes sense in the tropical setting. Indeed, let L ⊂ TPn−1 = Rn/R(1, . . . , 1)
be a tropical line (see [SpSt] for a detailed description of the Grassmannian of tropical lines).
Note that L is an n-tree where the leaves of L (labelled by 1, . . . , n) are the points at infinity
of the unbounded edges (where the leaf i is lying on the ray with direction ei) and it satisfies
the following property: if an edge of L gives rise to a partition I and Ic = {1, . . . , n} \ I of
the leaf set, then the direction of this edge (towards the leaves in I) is equal to eI =
∑
i∈I ei.
Each point c = (c1, . . . , cn) ∈ L gives rise to a tropical plane curve T (Fc) with support A, so
we can consider L as the parameter space of a linear pencil and by abuse of notation, we will
also denote this linear pencil by L. Note that L can be seen as the image under the valuation
map of a linear pencil of plane curves over K.
The fixed locus of the linear pencil L is the set of points P ∈ TP2 such that each curve in
L goes through P . Unlike as for linear pencils over K, the fixed locus of L is not determined
by the intersection of two different curves of L. The following result says that each point P in
the fixed locus of L corresponds to some curve of L, for which P is a special point.
Theorem 1.1. Let L ⊂ TPn−1 be a linear pencil of tropical plane curves with support set
A = {a1, . . . , an}. Then P ∈ TP2 is a point of the fixed locus of L if and only if there exists a
point c ∈ L such that one of the following two cases holds:
(1) there exist elements i, j, k, ` ∈ {1, . . . , n} such that the pairs of leaves {i, j} and {k, `}
belong to different components of L \ {c} and the minimum of {ci + ai · P}i=1,...,n is
attained by the terms corresponding to i, j, k, `.
(2) there exist elements i, j, k ∈ {1, . . . , n} such that the leaves i, j, k belong to different com-
ponents of L \ {c} (thus c is a vertex of L) and the minimum of {ci + ai · P}i=1,...,n is
attained by the terms corresponding to i, j, k.
2
Let C = {P1, . . . , Pn−2} be a configuration of n − 2 points in TP2, with Pk = (xk, yk, zk).
We say that C is general with respect to A if C does not lie on a tropical projective curve
with support A \ {ai, aj} for any pair i, j. This condition can easily be checked as follows.
Let M ∈ R(n−2)×n be the matrix with entries Mk,` = a` · Pk = r`xk + s`yk + t`zk. For any
i, j ∈ {1, . . . , n}, let M (i,j) be the maximal minor of M that we get by erasing the i-th and j-th
column of M . The tropical determinant of M (i,j) is defined as
tropdet(M (i,j)) =
⊕
σ∈Sij
(
n−2⊗
k=1
Mk,σ(k)
)
= min
σ∈Sij
(
n−2∑
k=1
aσ(k) · Pk
)
,
where Sij is the set of bijections σ : {1, . . . , n − 2} → {1, . . . , n} \ {i, j}. Then C is general
with respect to A if and only if each maximal minor M (i,j) is tropically non-singular, i.e. the
minimum in tropdet(M (i,j)) is attained only once (see [RGST, Theorem 5.3]).
If C is general, then the set of tropical plane curves with support A passing through C is
a tropical line LC ⊂ TPn−1 and hence a linear pencil. Note that LC is the intersection of the
tropical hypersurfaces T (Hj) ⊂ TPn−1 (i.e. the points (x1, . . . , xn) ∈ TPn−1 where the minimum
in Hj is attained at least twice) with Hj = mini=1,...,n{ai · Pj + xi} and j ∈ {1, . . . , n − 2}.
In case C is not general, this intersection does not need to be a tropical line. Instead we can
consider the stable intersection of the tropical hypersurfaces T (Hj), where loosely speaking
only the transverse intersections of the faces are taken into account. This is a tropical line LC
and is called the stable linear pencil of tropical plane curves through C.
In [RGST], it is proved that the for each configuration C of n − 2 points the linear pencil
LC is compatible with A, i.e. if (ij|kl) is a trivalent subtree of LC , then the convex hull of
ai, aj, ak, al has at least one of the segments conv(ai, aj) or conv(ak, al) as an edge. We will give
a proof of an inverse implication, solving an open question raised in [RGST].
Theorem 1.2. Let L be a tropical projective line in TPn−1 that is compatible with A. Assume
that L is trivalent and that each trivalent vertex v of L corresponds to a maximal subdivision
∆(v) of conv(A). Then there exists a general configuration C of n− 2 points in TP2 such that
L = LC. In particular, each point in C corresponds to a trivalent vertex of L (in the sense of
Theorem 1.1).
As a corollary, we have the following result.
Theorem 1.3. For each combinatorial type T of trivalent n-trees that are compatible with A,
we can find a general configuration C such that LC is of type T .
For example, if all the points a1, . . . , an are on the boundary of conv(A), then there are
precisely 1
n−1
(
2n−4
n−2
)
combinatorial types of trivalent trees (out of the (2n−5)!! = 1·3·5·. . .·(2n−5)
in total) that are compatible with A (see [RGST, Corollary 6.4]) and each type can be obtained
by a linear pencil LC with C general.
A short outline of the rest of the paper is as follows. In Section 2, we will focuss on the fixed
locus of tropical linear pencils. In order to show Theorem 1.1, we will give a characterization of
tropical lines lying in a tropical hyperplane or one of its skeletons (see Lemma 2.2). In Section
3, we will study linear pencils that are compatible with A and give the proofs of Theorem 1.2
and 1.3.
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2 Fixed locus of a linear pencil
Example 2.1. Let A = {(0, 0, 2), (1, 0, 1), (0, 1, 1), (1, 1, 0)}. In Figure 2.1, four examples of
linear pencils of tropical plane curves with support set A are pictured. The fixed locus of L1,
L2, L
′
2 and L∞ is respectively {(0, 0, 0)}, {(0,−1, 0), (1, 1, 0)}, {(0, 0, 0), (1, 1, 0)} and the line
segment [(0, 0, 0), (0, 1, 0)].
e3
e2
e1
e4
(1, 0, 0, 1) (0, 1, 1, 0)
L1
e3
e4
e1
e2
(1, 0, 0, 0) (1, 0, 1, 1)
L2
e3
e4
e1
e2
(1, 0, 0, 0)
L′2
e3
e4
e1
e2
(1, 1, 0, 0) (0, 0, 0, 0)
L∞
Figure 1: the linear pencils L1, L2, L
′
2 and L∞
One can see (using Theorem 1.1) that the fixed locus of a linear pencil corresponding to A
has always 1, 2 or infinitely many points.
Let P be a point in the fixed locus of a linear pencil L of tropical plane curves with support
set A. Then for each c ∈ L ⊂ TPn−1, the minimum of the set
{ci + ai · P}i=1,...,n = {ci + rix+ siy + tiz}i=1,...,n
is attained at least twice, hence the set L + A · P := {c + A · P | c ∈ L} (where A · P =
(ai · P )i=1,...,n ∈ TPn−1) is contained in the standard hyperplane T (x1 ⊕ . . . ⊕ xn) ⊂ TPn−1.
Note that L+A · P is a translation of L, so it is also a tropical line in TPn−1.
If t ∈ {1, . . . , n}, let Πt ⊂ TPn−1 be the subset consisting of points (x1, . . . , xn) such that
minni=1{xi} is attained at least t times. Note that Πt is the (n− t)-dimensional skeleton of the
standard tropical hyperplane Π2 = T (x1 ⊕ . . .⊕ xn) ⊂ TPn−1 (if t ≥ 2) and that Π1 = TPn−1.
In the following lemma, we examine tropical lines L lying in some Πt.
Lemma 2.2. Let Γ be a tropical line in TPn−1. If I ⊂ {1, . . . , n}, let
Π(I) = {(x1, . . . , xn) ∈ TPn−1 |xi =
n
min
j=1
xj for all i ∈ I}
and Π(Γ, I) = Γ ∩ Π(I).
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(a) There exists a point piΓ ∈ Γ such that Π(Γ, I) is the union of {piΓ} with the components
of Γ\{pi} having no leaf in I, for each subset I ⊂ {1, . . . , n} with Π(Γ, I) 6= ∅. Moreover,
if Γ ⊂ Πt and if pi is an m-valent point of Γ, then pi ∈ Πd mm−1 te.
(b) Let p be an m-valent point of Γ and let C1, . . . , Cm be the components of Γ \ {p}. Assume
that p ∈ Π(Γ, I) for some subset I ⊂ {1, . . . , n} and that |I \Ij| ≥ t for all j ∈ {1, . . . ,m},
where t ≥ 1 is an integer and Ij = I ∩ Cj. Then we have that p = piΓ and Γ ⊂ Πt.
Proof. This proof is subdivided into seven steps. Denote by ΓI the minimal subtree of Γ con-
taining the leaves in I.
Step 1: ΓI ∩ Π(Γ, I) is at most a singleton.
Proof of step 1: Assume that x and y are two different points in the intersection ΓI ∩ Π(Γ, I).
Note that this implies that I is not a singleton. We can find i and j in I such that the path
between the leaves i and j passes through x and y (and assume x is closest to the leaf i). We
can take tropical coordinates such that xi = yi and xj < yj. This is in contradiction with the
equalities xi = xj and yi = yj since x, y ∈ Π(Γ, I). 
Step 2: Let x ∈ Π(Γ, I) and denote by γ(I) ∈ ΓI the point that is closest to x. If y ∈ Γ and
the path between y and γ(I) passes through x, then also y ∈ Π(Γ, I).
Proof of step 2: We can take tropical coordinates of x and y such that{
yi = xi for all i ∈ I
yi = xi + i with i ≥ 0 for all i 6∈ I
Then yi = xi = xj = yj for all i, j ∈ I and yi = xi ≤ xj ≤ xj + j = yj for all i ∈ I and j 6∈ I,
hence y ∈ Π(Γ, I). 
Step 3: The set Π(Γ, I) is connected and γ(I) ∈ ΓI is independent of x ∈ Π(Γ, I).
Proof of step 3: First we prove that γ(I) ∈ ΓI is independent of the choice of the point in
Π(Γ, I). So let x1, x2 ∈ Π(Γ, I) and denote by y1 and y2 the points in ΓI closest to respectively
x1 and x2. Assume that y1 6= y2. There exist elements i and j in I such that y1 and y2 are
contained in the path between the leaves i and j of Γ (and assume y1 is closest to the leaf i).
We can take tropical coordinates of x1, x2, y1, y2 ∈ TPn−1 such that
(x1)i = (x2)i = (y1)i = (y2)i
and
(x1)j = (y1)j < (x2)j = (y2)j.
This is in contradiction with x1, x2 ∈ Π(Γ, I).
Now let x1, x2 ∈ Π(Γ, I). We are going to prove that the path between x1 and x2 is contained
in Π(Γ, I) as well. For this, it is enough to show that the point x on the path between x1 and
x2 that is closest to γ(I) is contained in Π(Γ, I) (using Step 2). Let Ki (for i ∈ {1, 2}) be the
leaves in the component of Γ \ {x} containing xi and let K = {1, . . . , n} \ (K1∪K2). Note that
I ⊂ K. We can take tropical coordinates of x, x1, x2 such that{
(x1)k = xk for all k ∈ K ∪K2
(x1)k = xk + k with k ≥ 0 for all k ∈ K1
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and {
(x2)k = xk for all k ∈ K ∪K1
(x2)k = xk + 
′
k with 
′
k ≥ 0 for all k ∈ K2 .
Let i ∈ I. Then we have that
xk = (x1)k = (x2)k = (x1)i = (x2)i = xi if k ∈ I
xk = (x1)k = (x2)k ≥ (x1)i = (x2)i = xi if k ∈ K \ I
xk = (x2)k ≥ (x2)i = xi if k ∈ K1
xk = (x1)k ≥ (x1)i = xi if k ∈ K2
and hence x ∈ ⋂i∈I Π(Γ, {i}) = Π(Γ, I). 
If I ⊂ {1, . . . , n} and Π(Γ, I) is non-empty, we denote by pi(I) the point in Π(Γ, I) closest
to γ(I). The existence of such a point follows from Step 3.
Step 4: If I ′ ⊂ I ⊂ {1, . . . , n} with I ′ 6= ∅ and Π(Γ, I) 6= ∅, then we have that pi(I ′) = pi(I).
Proof of step 4: First, we give a description of the set Π(Γ, {i}) for i ∈ I, where we need
to consider the cases pi(I) = γ(I) and pi(I) 6= γ(I) separately (see Figure 2). Note that
Π(Γ, {i}) 6= ∅ since Π(Γ, I) ⊂ Π(Γ, {i}).
pi(I)
K2C2
C1
K1
Π(L, I)
Cs Ks
K
Case 1
pi(I)
Π(L, I)KK ′C
γ(I)
Case 2
Figure 2: the two cases in Step 4 of Lemma 2.2(f)
In the first case (so pi(I) = γ(I)), let C1, . . . , Cs be the different components of Γ \Π(Γ, I).
Let Kj be the set of leaves in Cj and K the set of leaves in Π(Γ, I). Note that I ⊂ K1∪ . . .∪Ks,
I ∩Kj 6= ∅ (by Step 2) and s > 1 (since ΓI is a subtree). Let i ∈ Kj ∩ I. From Step 2, it follows
that
Π(Γ, I) ∪
⋃
r 6=j
Cr ⊂ Π(Γ, {i})
since pi(I) ∈ Π(Γ, {i}). Assume that this inclusion is strict, hence there exists a point x ∈ Cj
such that x ∈ Π(Γ, {i}). Using Steps 2 and 3, we may assume that x is on the path between
the leaf i and pi(I). Take i′ ∈ I such that the leaf i′ is not contained in Kj, hence x and pi(I)
are contained in Γ{i,i′} ∩ Π(Γ, {i, i′}), which is in contradiction with Step 1. So we have that
Π(Γ, {i}) = Π(Γ, I) ∪⋃r 6=j Cr.
In the second case (so pi(I) 6= γ(I)), let C = Γ \ Π(Γ, I) and denote the set of leaves in C
and Π(Γ, I) by respectively K ′ and K. Note that I ⊂ K ′. If i ∈ I and Π(Γ, {i}) 6= Π(Γ, I),
consider a point x ∈ Π(Γ, {i}) \ Π(Γ, I) sufficiently close to pi(I) (to be precise, let x be an
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inner point of a finite edge of Γ which also contains pi(Γ)). We can take tropical coordinates of
x and pi(I) such that {
pi(I)k = xk for all k ∈ K ′
pi(I)k = xk +  for all k ∈ K .
If k ∈ I, then xk = pi(I)k = pi(I)i = xi, hence x ∈ Π(Γ, I), a contradiction. Hence, Π(Γ, {i}) =
Π(Γ, I).
In both cases, we have that pi({i}) = pi(I), which implies the equality pi(I ′) = pi(I) for each
non-empty subset I ′ ⊂ I. 
Step 5: the point pi(I) is independent of the set I ⊂ {1, . . . , n} with Π(Γ, I) 6= 0.
Proof of step 5: We may assume that Γ ⊂ Πt but Γ 6⊂ Πt+1 for some t. Take J ⊂ {1, . . . , n}
with |J | = t such that |Π(Γ, J)| > 1 and such that Π(Γ, J) ⊂ Π(Γ, {k}) implies k ∈ J . Consider
an edge of Γ containing pi(J) that is not fully contained in Π(Γ, J) and consider points on this
edge close to pi(J) but not in Π(Γ, J). These points must be contained in some set Π(Γ, K)
with |K| = t and K 6= J , so they must be contained in a set Π(Γ, {k}) with k 6∈ J . Since the
set Π(Γ, {k}) is closed, we get that pi(J) ∈ Π(Γ, {k}). If the leaf k would not be contained in
Π(Γ, J), this would imply that Π(Γ, {k}) ⊃ Π(Γ, J) using Step 2, hence k ∈ J , a contradiction.
So k ∈ Π(Γ, J) and again Step 2 implies Γ = Π(Γ, J) ∪ Π(Γ, {k}). On the other hand, since
{pi(J)} ⊂ Π(Γ, J) ∩ Π(Γ, {k}) = Π(Γ, J ∩ {k}),
we can use Step 4 and see that pi(J ∪ {k}) = pi(J) = pi({k}). Now let I ⊂ {1, . . . , n} be
a subset such that Π(Γ, I) 6= ∅. Since Π(Γ, I ∪ J) = Π(Γ, I) ∩ Π(Γ, J) or Π(Γ, I ∪ {k}) =
Π(Γ, I)∩Π(Γ, {k}) is non-empty, we have that either pi(I) = pi(J) or pi(I) = pi({k}) by Step 4,
hence pi(I) = pi(J) = pi({k}). 
Step 6: part (a)
Proof of step 6: The existence of a point piΓ follows from Step 5. Now assume that piΓ is m-valent
and that Γ ⊂ Πt. Denote the components of Γ \ {piΓ} by C1, . . . , Cm. If r ∈ {1, . . . ,m}, let Ir
be the set of leaves i in Cr with Π(Γ, {i}) 6= ∅, and let αr = |Ir|. Note that piΓ ∈ Π(Γ,
⋃m
r=1 Ir),
so it suffices to show that α1 + . . .+ αm ≥ mm−1t. Since Cr 6⊂ Π(Γ, {i}) for each i ∈ Ir, we have
that (α1 + . . .+αm)−αr ≥ t. Taking the sum of these equations for all r ∈ {1, . . . ,m}, we get
that (m− 1)(α1 + . . .+ αm) ≥ mt and the statement follows. 
Step 7: part (b)
Proof of step 7: Assume that p 6= piΓ en let Cj be the component containing piΓ. Since |I \ Ij| ≥
t ≥ 1, it follows that I \ Ij is non-empty, so we can find an element i ∈ Ik with k 6= j. Then
(a) implies that p 6∈ Π(Γ, {i}), thus p 6∈ Π(Γ, I), a contradiction. In order to show that Γ ⊂ Πt,
note that Cj ∪ {p} ⊂ Π(Γ, I \ Ij) with |I \ Ij| ≥ t. 
We can apply the above lemma in the context of tropical linear pencils.
Proof of Theorem 1.1. We already showed that P is contained in the fixed locus of L if and
only if Γ = L+A·P is contained in the standard tropical hyperplane Π2 ⊂ TPn−1. By Lemma
2.2, this is equivalent with the existence of a point piΓ ∈ Γ such that one of the following two
cases holds: either piΓ ∈ Π(Γ, {i, j, k, `}) where the pairs of leaves {i, j} and {k, `} are contained
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in different components of Γ \ {piΓ}, or piΓ ∈ Π(Γ, {i, j, k}) where the leaves i, j, k are contained
in different components of Γ \ {piΓ}. Note that⌈
2m
m− 1
⌉
=
{
4 if m = 2
3 if m ≥ 3 .
We conclude that c = piΓ −A · P ∈ L satisfies the conditions of the theorem.
Proposition 2.3. Let L ⊂ TPn−1 be the stable linear pencil of tropical plane curves with support
set A through the points P1, . . . , Pn−2 ∈ TP2. Then for each vertex v of L there exists a point
Pj such that the minimum of {vi + ai · Pj}i=1,...,n is attained at least 3 times.
Proof. We know that L is the stable intersection of the tropical hyperplanes
T ((a1 · Pi)⊗ x1 ⊕ . . .⊕ (an · Pi)⊗ xn) ⊂ TPn−1 .
Let v be a vertex of L. Assume that the minimum of {vi + ai · Pj}i=1,...,n is attained precisely
two times for each Pj and let α(j), β(j) ∈ {1, . . . , n} be the indices of the terms corresponding
to the minimum. Then L is locally defined by the stable intersection of the hyperplanes given
by aα(j) · Pj + xα(j) = aβ(j) · Pj + xβ(j) in a neighborhood of v. Since such an intersection is a
linear subspace, we get a contradiction.
So if L is the stable linear pencil of tropical plane curves through some configuration of
points Pi, the above result gives some evidence that each Pi is situated in Case (2) of Theorem
1.1. In fact, we will prove this in the next section.
3 Compatible linear pencils
Let L ⊂ TPn−1 be a tropical line that is compatible with A. A vertex split of L at a trivalent
vertex v ∈ L gives rise to partition A1,A2,A3 of A. The compatibility condition implies that
for each quartet a, b, c, d ∈ A with a, b ∈ Ai and c, d 6∈ Ai (with i ∈ {1, 2, 3}) holds that the
convex hull of the four points a, b, c, d has at least one of the segments conv(a, b) or conv(c, d)
as an edge. Denote this property on quartets by (z).
Lemma 3.1. Let A1,A2,A3 ⊂ A be a partition that satisfies (z). Then for each maximal
triangulation ∆ = {T1, . . . , Tr} of conv(A) (with corners of the triangles in A), there exists a
triangle T ∈ ∆ having one vertex in each of the sets A1,A2,A3.
Proof. First we claim that for each pair i, j ∈ {1, 2, 3} we have that conv(Ai) ⊂ conv(Aj),
conv(Aj) ⊂ conv(Ai) or conv(Ai) ∩ conv(Aj) = ∅. Indeed, assume that conv(Ai) \ conv(Aj),
conv(Aj)\conv(Ai) and conv(Ai)∩conv(Aj) are nonempty, then there exist elements a ∈ Ai∩
conv(Aj) and b ∈ Ai \ conv(Aj). The line segment conv(a, b) cuts the border of conv(Aj) at a
line segment conv(c, d) with c, d ∈ Aj. The convex hull of the quartet a, b, c, d ∈ A has conv(a, b)
or conv(c, d) as diagonals, a contradiction. Using the above claim, there are three possible
configurations of A1,A2,A3 (after a renumbering if necessary): conv(A1), conv(A2), conv(A3)
pairwise disjoint, (conv(A1) ∪ conv(A2)) ⊂ conv(A3) or conv(A1) ⊂ conv(A2) ⊂ conv(A3).
The latter configuration is impossible. Indeed, take c ∈ A1 and d ∈ A3 \ conv(A2). Then
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the line segment conv(c, d) passes through a edge conv(a, b) of the border of conv(A2) and the
quartet a, b, c, d is in contradiction with (z).
Assume we are in the case of the first configuration, so the the sets conv(Ai) are pairwise
disjoint. Since ∆ is a triangulation of conv(A) (and thus not only of the sets conv(Ai)), we
may assume (after a renumbering if necessary) there is an edge of a triangle T ∈ ∆ connecting
a point in A1 with point in A2. Let ∆′ ⊂ ∆ be the set of all triangles having two vertices in A1
and one vertex in A2 or vice versa. If ∆′ = ∅, then the third vertex of the triangle T is contained
in A3 and the statement follows. Now assume ∆′ is nonempty, say ∆′ = {T1, . . . , Ts} (after a
renumbering if necessary). We can draw a line Λ subdividing the plane into two half-planes H1
and H2 such that conv(A1) ⊂ H1, conv(A2) ⊂ H2 and Λ ∩ A = ∅. Using an identification of
the line Λ with R (using an affine coordinate), each of the triangles Ti ∈ ∆′ cuts Λ in a closed
interval Ii of R and two intervals Ii and Ij (with i, j ∈ {1, . . . , s} different) are either pairwise
disjoint or subsequent (i.e. the intersection is a point). We may assume that T1, . . . , Ts are
numbered in such a way that max(Ii) ≤ min(Ii+1) for all i ∈ {1, . . . , s− 1}. If one of the above
inequalities is strict, then the statement follows, since the edge of Ti containing max(Ii) has
to be the edge of another triangle T ∈ ∆ having its third vertex in A3. Hence the intervals
I1, . . . , Is are subsequent. Denote by a1,i ∈ A1 and a2,i ∈ A2 the two vertices of the edge of Ti
containing min(Ii) ∈ Λ and by a1,s+1 ∈ A1 and a2,s+1 ∈ A2 the two vertices of the edge of Ts
containing max(Is). Note that either a1,i = a1,i+1 and Ti = conv(a1,i, a2,i, a2,i+1) or a2,i = a2,i+1
and Ti = conv(a1,i, a1,i+1, a2,i). If conv(a1,1, a2,1) (resp. conv(a1,s+1, a2,s+1)) is not a part of the
border of conv(A), then this line segment is the edge of a triangle T ∈ ∆ different from T1
(resp. Ts) with one vertex in each of the three sets Ai. So we may assume that conv(a1,1, a2,1)
and conv(a1,s+1, a2,s+1) are parts of the border of conv(A).
T1
T2 T3
Ts
conv(A1) conv(A2)
T1 =conv(a1,1, a1,2, a2,1)
T2 =conv(a1,2, a1,3, a2,2)
T3 =conv(a1,3, a2,3, a2,4)
Ts =conv(a1,s, a2,s, a2,s+1)
...
Λ
a1,1
a2,1
a1,s+1 a2,s+1
Figure 3: first configuration
First note that conv(a1,1, a1,s+1, a2,1, a2,s+1) does not contain a point of A3, since
conv(a1,1, a1,s+1, a2,1, a2,s+1) ⊂ conv(a1,1, . . . , a1,s+1, a2,i, . . . , a2,s+1)
⊂ conv(a1,1, . . . , a1,s+1) ∪ conv(a2,1, . . . , a2,s+1) ∪
s⋃
i=1
Ti
⊂ conv(A1) ∪ conv(A2) ∪
s⋃
i=1
Ti.
Let a3 ∈ A3. We may assume that a3 is contained in the half-plane H1. If a1,1 = a1,s+1, then
a3 is contained in conv(a1,1, a2,1, a2,s+1) since H1∩ conv(A) = H1∩ conv(a1,1, a2,1, a2,s+1), a con-
tradiction. So we have that a1,1 6= a1,s+1 and the quartet a1,1, a1,s+1, a2,1, a3 is in contradiction
with (z).
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To finish the proof, we have to take care of the second configuration, so (conv(A1) ∪
conv(A2)) ⊂ conv(A3). Assume there is no triangle T ∈ ∆ having one vertex in A1 and
one in A2. For (i, j) ∈ {(3, 0), (2, 1), (1, 2)}, denote by ∆i,j ⊂ ∆ the set of all triangles T having
i vertices in A1 and j vertices in A3. For a triangle T = conv(a1, a3, a′3) ∈ ∆1,2 with a1 ∈ A1
and a3, a
′
3 ∈ A3, let C(T ) ⊂ R2 be the cone with top a1 over the line segment [a3, a′3]. Then we
can see thatR2 \ ⋃
T∈∆1,2
C(T )
 ⊂
 ⋃
T∈∆3,0
T ∪
⋃
T∈∆2,1
T
 ⊂
convA1 ∪ ⋃
T∈∆2,1
T
 .
conv(A1)
T
C(T )
a2
Figure 4: second configuration
If a2 ∈ A2, then a2 6∈ conv(A1) ∪
⋃
T∈∆2,1 T and thus a2 ∈ C(T ) for some triangle T =
conv(a1, a3, a
′
3) ∈ ∆1,2. Hence the quartet of points a1, a2, a3, a′3 is in contradiction with (z).
So there exists a triangle T ∈ ∆ connecting A1 with A2 and by using analogous arguments as
in the case of the first configuration, we can prove the existence of a triangle T ∈ ∆ having one
vertex in each of the sets A1,A2,A3.
Proposition 3.2. Let L ⊂ TPn−1 be a linear pencil of tropical plane curves with support A such
that L is compatible with A. Let v be a trivalent vertex of L such that the regular subdivision
∆(v) of conv(A) is maximal. Then v corresponds to a point Pv in the fixed locus of L.
Proof. By Lemma 3.1, we find a triangle Tv = conv(ai, aj, ak) of the maximal subdivision ∆(v)
of A such that ai ∈ A1, aj ∈ A2 and ak ∈ A3. Let Pv = (x, y, z) ∈ T (Fv) ⊂ TP2 be the point
which is dual to the triangle Tv, hence
vi + rix+ siy + tiz = vj + rjx+ sjy + tjz = vk + rkx+ sky + tkz < v` + r`x+ s`y + t`z
for all ` ∈ {1, . . . , n} \ {i, j, k}. From Theorem 1.1, it follows that Pv is contained in the fixed
locus of L.
Let L ⊂ TPn−1 be a linear pencil of tropical plane curves with support A. Assume that L
is compatible with A, trivalent and that each (trivalent) vertex of L gives rise to a maximal
subdivision of conv(A). Note that Proposition 3.2 implies that the fixed locus of L contains
a configuration of n − 2 points and in order to prove Theorem 1.2, we need to show that this
configuration is general.
We are going to assign a subgraph Gv of Kn−2,n to each vertex v of L. We identify the
vertices of Kn−2,n by the vertices of L (of which there are n − 2) and the elements of A (of
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which there are n). The edge (w, a`) of Kn−2,n is and edge of Gv if and only if a` is a corner of
Tw and the path between the leaf ` and v passes through w. So (w, a`) ∈ E(Gv) if and only if
v`+a` ·Pw = mink=1,...,n {vk+ak ·Pw}. Note that precisely two of the three corners of Tw satisfy
this condition for w 6= v, and all three for w = v. If a` ∈ A, the vertex w of L that is closest to
the leaf ` gives rise to an edge (w, a`) ∈ E(Gv). We conclude that |E(Gv)| = 2(n−3)+3 = 2n−3
and |V (Gv)| = n+ (n− 2) = 2n− 2.
Lemma 3.3. The graph Gv is connected and has no cycles.
Proof. We claim that Gv is connected. First note that it is sufficient to show that each vertex
w ∈ V (Gv) is connected with v. Let Λw be the union of {w} with the components of L \ {w}
not containing v. We will prove by induction on the number λw of vertices in the subtree Λw
that each vertex w′ in λw is connected with w in Gv. Since Λv = L, this would imply the claim.
If λw = 1, there is nothing to prove. Now assume the statement is proven for any subtree Λw
with λw < λ and take a subtree Λw with λw = λ. Let w
′ 6= w be a vertex in Λ. Consider the
vertex w′′ 6= w closest to w on the path between w and w′ (so w′ ∈ Λw′′) and take the corner
a` of Tw corresponding to a leaf ` lying in Λw′′ . Denote by w
′′′ the vertex of Λw′′ ⊂ L which
is closest to `. Then (w′′′, a`), (w, a`) ∈ E(Gv), hence w and w′′′ are connected in Gv. On the
other hand, by the induction hypothesis on the subtree Λw′′ , both w
′ and w′′′ are connected
with w′′. We conclude that w is connected with w′ in Gv.
v
w w′′
w′
w′′′
Λw
e`
Figure 5: the subtree Λw of L
Since Gv is connected, we can compute the genus (or first Betti number) of Gv as g(Gv) =
|E(Gv)| − |V (Gv)|+ 1 = 0. This implies that Gv has no cycles.
In the same way as we introduced Gv ⊂ Kn−2,n for vertices v of L, we can define Gc ⊂ Kn−2,n
for 2-valent points c of L, i.e. (w, a`) ∈ E(Gc) if and only if c`+a` ·Pw = mink=1,...,n {ck+ak ·Pw}.
Note that if c is contained in an edge adjacent to v, then V (Gc) = V (Gv) and E(Gc) =
E(Gv) \ {(v, a`)} where a` is the corner of Tv that corresponds to the leaf ` of L lying on the
same side of v as c. This implies that Gc has genus 0 (and two connected components). If
B ⊂ A, denote by N(B) the neighborhood of B in Gc, i.e. the set of vertices v of L such that
(v, a`) ∈ E(Gc) for some a` ∈ B.
Lemma 3.4. Let i, j ∈ {1, . . . , n} be leaves of L and c be a 2-valent point of L on the path
between i and j. Then the inequality |N(B)| ≥ |B| holds for each subset B ⊂ A \ {ai, aj}.
Proof. Let Ci and Cj be the components of L \ {c} such that i ∈ Ci and j ∈ Cj. We are going
to prove this lemma by induction on |B|. If B = ∅, there is nothing to prove. Now assume
that B 6= ∅ and let Bi = B ∩ Ci and Bj = B ∩ Cj. Since B = Bi ∪ Bj, we may assume that
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Bi 6= ∅. Denote by w the end point of the edge that contains c and that is contained in Ci. For
each vertex or leaf v of Ci different from w, write ρ(v) 6= v to denote the vertex of L on the
path between v and c closest to v. Let V be the set of vertices or leaves v of Ci such that all
leaves for which the path to c passes through v are contained in Bi and such that this is not
the case for ρ(v). We can take an element v ∈ V such that the component of L \ {ρ(v)} not
containing c and u does not have any leaf in Bi. Note that the triangle Tρ(v) has precisely one
corner a` ∈ Bi and that (ρ(v), a`) ∈ E(Gc), hence ρ(v) ∈ N(B). On the other hand, we see
that ρ(v) 6∈ N(B \ {a`}), so the induction hypothesis implies that
|N(B)| ≥ |N(B \ {a`})|+ 1 ≥ |B \ {a`}|+ 1 = |B|.
Proof of Theorem 1.2. Since L is a trivalent tree with n leaves, it has precisely n− 2 trivalent
vertices which we will denote by v1, . . . , vn−2. Using Proposition 3.2, each vi gives rise to a
point Pi in the fixed locus of L. It suffices to show that the configuration C = {P1, . . . , Pn−2}
is general with respect to A. Therefore, we need to show that each maximal minor M (i,j) of
the matrix M with Mk,` = a` · Pk is tropically non-singular.
Let c be a 2-valent point of L on the path between i and j and consider the graph Gc ⊂
Kn−2,n. Hall’s Marriage Theorem (see [Hall]) and Lemma 3.4 imply that there is a matching in
Gc between {v1, . . . , vn−2} and A\{ai, aj}. Note that this matching is unique since Gc contains
no cycles. Let ψ be the bijection in Sij that corresponds to the matching. We claim that
the minimum in tropdet(M (i,j) is attained only by the term that corresponds to ψ. Indeed,
let σ ∈ Sij be different from ψ. For all k ∈ {1, . . . , n − 2}, we have that cσ(k) + aσ(k) · Pk ≥
cψ(k) + aψ(k) · Pk and equality holds if and only if (vk, aσ(k)) ∈ E(Gc). If we take the sum of all
these inequalities (and erase the term
∑
`∈{1,...,n}\{i,j} c`), we see that
n−2∑
k=1
aσ(k) · Pk >
n−2∑
k=1
aψ(k) · Pk,
since at least one of the inequalities must be strict. This proves the claim and the theorem.
Remark 3.5. The linear pencils L′2 and L∞ in Example 2.1 show that the two extra conditions
on L in Theorem 1.2, i.e. L is trivalent and each vertex gives rise to a maximal subdivision
of conv(A), are necessary. Note that L′2 and L∞ are the stable linear pencils corresponding to
respectively {(0, 0, 0), (1, 1, 0)} and {0, 0, 0), (0, 1, 0)}. In fact, both linear pencils can be seen
as a limit case of linear pencils satisfying the two conditions and thus corresponding to general
configurations, but the limit of these configurations is non-general.
Proof of Theorem 1.3. Let ∆ be a maximal regular subdivision of conv(A) and consider the
facet of the secondary fan (see [DLRS]) corresponding to ∆, i.e. the set of all points (c1, . . . , cn) ∈
Rn such that the projection to the last coordinate of the lower faces of the polytope
conv((a1, c1), . . . , (an, cn)) ⊂ R4
is ∆. We can take a tree L ⊂ TPn−1 of type T such that all its finite edges are contained in
this facet (by taking the edge lengths small enough). Now the statement follows from Theorem
1.2.
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